Abstract. We report on the computation of invariants, covariants, and contravariants of cubic surfaces. All algorithms are implemented in the computer algebra system magma.
The Clebsch-Salmon invariants
(1) An invariant I of degree D and weight w is a map K[X 1 , . . . , X n ] (d) → K that may be given by a homogeneous polynomial of degree D in the coefficients of f and satisfies
for all M ∈ GL n (K) and all forms f ∈ K[X 1 , . . . , X n ] (d) . (2) A covariant C of degree D, order p, and weight w is a map
such that each coefficient of C(f ) is a homogeneous degree D polynomial in the coefficients of f and that satisfies
for all M ∈ GL n (K) and all forms f ∈ K[X 1 , . . . , X n ] (d) . (3) A contravariant c of degree D, order p, and weight w is a map
such that each coefficient of c(f ) is a homogeneous degree D polynomial in the coefficients of f and that satisfies
Note that the right hand side uses the action on K[Y 1 , . . . , Y n ].
Remarks 2.
(1) The set of all invariants is a commutative ring and an algebra over the base field.
(2) The set of all covariants (resp. contravariants) is a commutative ring and a module over the ring of invariants. (3) Geometrically, the vanishing locus of f or a covariant C(f ) is a subset of the projective space whereas the vanishing locus of a contravariant c(f ) is a subset of the dual projective space. Replacing the matrix by the transpose inverse matrix gives the action on the dual space in a naive way.
Examples 3.
(1) The discriminant of binary forms of degree d is an invariant of degree 2d − 2 and weight
(2) Let f be a form of degree d > 2 in n variables. Then the Hessian H defined by
is a covariant of degree n, order (d − 2)n, and weight 2. 
Finally, the 4 × 4-determinant of the matrix formed by the coefficients of these linear covariants of a cubic surface in P 3 is an invariant I 100 of degree 100. It vanishes if and only if the surface has Eckardt points or equivalently a non-trivial automorphism group [4, Sec. 9.4.5, Table 9 .6]. The square of I 100 can be expressed in terms of the other invariants above. For a modern view on these invariants, we refer to [4, Sec. 9.4.5].
Transvection
One classical approach to write down invariants is to use the transvection (called Uberschiebung in German). This is part of the so called symbolic method [16, Chap. 8 , §2], [6, App. B.2]. We illustrate it in the case of ternary forms.
Example 5. Using this notation, the Aronhold invariants S and T of the ternary cubic form f are given by 1 2 3)(1 2 4)(2 3 5)(3 1 6)(4 5 6
The first one is of degree and weight 4, the second one is of degree and weight 6. Using S and T , one can write down the discriminant of a ternary cubic as ∆ := Remark 6. One can use the transvection to write down invariants of quaternary forms, as well. For example, if f is a quartic form in four variables then
is an invariant of degree 4. Here, (1 2 3 4) denotes the differential operator
For a quaternary cubic form, one can apply this to its Hessian to get an invariant of degree 16. However, a direct evaluation of such formulas for forms in four variables is too slow in practice. The reason is that both the differential operators and the product f (
The Clebsch transfer principle
We refer to [4, Sec. 3 (1) We consider the vector space V = K n and choose the volume form given by the determinant. We have the following isomorphism
Then the Clebsch transfer of I is the contravariantĨ of degree D and order w
given bỹ
. Note thatĨ(f ), as defined, is indeed a polynomial mapping and homogeneous of degree w. The discriminant of a cubic curve is given by ∆ = S 3 − 6T 2 . It vanishes if and only if the cubic curve is singular. Thus, the dual surface of the smooth cubic
Remark 9. By definition, the dual surface of a smooth surface V (f ) ⊂ P 3 is the set of all tangent hyperplanes of V (f ). A plane P ∈ (P 3 ) * is tangent if and only it the intersection V (f ) ∩ P is singular. Thus, P is a point on the dual surface if and only if∆(f )(P ) = 0. Here, ∆ is the discriminant of ternary forms of the same degree as f . We can computeT (f ) in the same way. The only modification necessary is to increase the number of vectors, as the space of sextic forms is of dimension 84. 
Action of contravariants on covariants and vice versa
is an isomorphism of rings. Further, for each M ∈ GL n (K), we have the following commutative diagram
In other words, ψ is an isomorphism of GL n (K)-modules. (5) Let C be a covariant and c a contravariant on K[X 1 , . . . , X n ] (d) . Denote the order of C by P and the order of c by p. For P ≥ p, we define
The notation ⊢ follows [6, p. 304].
(6) Assume c ⊢ C not to be zero. If p < P then c ⊢ C is a covariant of order P − p. If p = P then c ⊢ C is an invariant. In both cases, the degree of c ⊢ C is the sum of the degrees of c and C. (7) Similarly to ψ, one can introduce a map
As above, ψ is an isomorphism of rings and GL n (K)-modules. Let C a covariant and c a contravariant on
(8) Assume c ⊢ C not to be zero. If p > P then C ⊢ c is a contravariant of order p − P . If p = P then C ⊢ c is an invariant. In both cases, the degree of C ⊢ c is the sum of the degrees of C and c.
Explicit invariants of cubic surfaces
Remarks 11.
(1) It is well known that the ring of invariants of quaternary cubic forms is generated by the six invariants of degrees 8, 16, 24, 32, 40, and 100 [4, Sec. 9. (2) In the lucky case that one is able to write down a basis of the vector space of all invariants of a given degree d, one can find an expression of a given invariant of degree d by linear algebra. This requires that the invariant is known for sufficiently many surfaces. For cubic surfaces, this is provided by the pentahedral equation. (3) Applying the methods above, we can write down many invariants for quaternary cubic forms. We start with the form f , its Hessian covariant H(f ), and the contravariantS(f ). Then we apply known covariants to contravariants and vice versa. Further, one can multiply two covariants or contravariants to get a new one. For efficiency, it is useful to keep the orders of the covariants and contravariants as small as possible. This way, they will not consist of too many terms. Proof. The following magma script shows in approximately one second of CPU time that the algorithm as described above coincides with Salmon's formulas for the pentahedral family, as the last two comparisons result in true. 
Performance test
Computing the Clebsch-Salmon invariants, following the approach above, for 100 cubic surfaces chosen at random with two digit integer coefficients takes about 3 seconds of CPU time. Most of the time is used for the direct evaluation of the invariant S of ternary cubics by transvection. Note that computing the contravariantS by interpolation requires 35 evaluations of the invariant S of a ternary cubic. Computing both contravariantsS andT and the dual surface takes about 18 seconds of CPU time for the same 100 randomly chosen surfaces.
For comparison, the computation of the pentahedral form by inspecting the singular points of the Hessian takes about 10 seconds per example [5, Sec. 5.11] .
All computations are done on one core of an Intel i5-2400 processor running at 3.1GHz.
